Two dimensional systems
As the name suggests, two-dimensional systems represent behaviour of some processes which their variables depend on two independent varying parameters. For example, transmission lines are the 2-D systems where whose currents and voltages are changed as the space and time are varying. Also, dynamic equations governed to the motion of waves and temperatures of the heat exchangers are other examples of 2-D systems. It is interesting to note that some theoretical issues such as image processing, digital filter design and iterative processes control can be also used the 2-D systems properties.
Representation of 2-D systems
Especially, a well-known 2-D discrete systems called Linear Shift-Invariant systems has been presented which is described by the following input-output relation 
Also, this input-output relation can be transformed into frequency-domain using 2-D Z transformation. 
Similar to the one-dimensional systems, the 2-D systems are commonly represented in the state space model but what is makes different is being two independent variables in the 2-D systems so that this resulted in several state space models. A well-known 2-D state space model was introduced by Roesser, 1975 (i, j) ∈ R m are the so called horizontal and vertical state variables respectively. Also u(i, j) ∈ R p is an input and y(i, j) ∈ R q is an output variable. Moreover, i and j represent two independent variables. A 1 , A 2 , A 3 , A 4 , B 1 , B 2 , C 1 and C 2 are constant matrices with proper dimensions. To familiar with other 2-D state space models (Kaczorek, 1985) .
Stability of Rosser Model
One of the important topics in the 2-D systems is stability problem. Similar to 1-D systems, the stability of 2-D systems can be represent in two kinds, BIBO and Internally stability. First, a BIBO stability condition for RM is stated. Similar to 1-D case, the Lyapunov stability for 2-D systems has been developed such that we represented in the following theorem. Theorem 2: Zero inputs 2-D system (3) is asymptotically stable if there exist two positive definite matrices P 1 ∈ R n and P 2 ∈ R m such that
where Q is a positive matrix and v xi j converge to zero when i+j→∞. Remark 2: The equality (3) is commonly called 2-D Lyapunov equation. As stated in the theorem 2, the condition for stability of 2-D systems in RM model is only sufficient not necessary and the Lyapunov matrix, P, is a block diagonal while in the 1-D case, the stability conditions is necessary and sufficient and the Lyapunov matrix is a full matrix. However, it is worthy to know that the Lyapunov equation (3) can be used to define the 2-D Lyapunov function as shown below. 1 00 2 0 (, ) 0
where
T hv Xx i j xi j ⎡⎤ = ⎣⎦ . Regarding (5), define delayed 2-D Lyapunov function as follows 1 11 11 11 2 0 (, ) 0
where ( 1, ) ( 
As a result, the Theorem 3 can be used to design a 2-D control system.
Sliding mode control of 2-D systems
In this section, we review some prominence of the 1-D sliding mode control and then present the 2-D sliding mode control for RM.
One dimensional (1-D) Sliding Mode Control
Generally speaking, Sliding Mode Control (SMC) method is a robust control policy in which the control input is designed based on the reaching and remaining on the predetermined state trajectory. This state trajectory is commonly called switching surface (or manifold). Usually, first the switching surface is determined as a function of the state and/or time, and then the control action is designed to reach and remain the state trajectory on the switching surface and move to the origin. Therefore, it can be appreciated that the switching surface should be contained the origin and designed such that the system is stabile when remaining on it. Three main advantages of the SMC method are low sensitivity to the uncertainty (high robustness), dividing the system trajectory in two sections with low degree and also easily in implementation and applicability to various systems.
To make easier understanding the 1-D SMC, let consider a simple example in which a discrete time system is given as follows 12 11 2 (1 ) ( )
Consider that the switching surface is
also let us the control input is given as
It is clear that the control input is u e (x, k) when the system remain on the surface (in other word when s(k) = 0). Fig. 1 illustrates the state trajectories of the system for some different initial conditions such that they converge to the surface and move to the origin in the vicinity of it. As it is shown in Fig. 1 , the state trajectories switch around the surface when they reach the vicinity of it. The main reason of this phenomenon comes from the fact that the system dynamic equation is not exactly matched to the switching surface (Gao, 1995) . In fact, the control policy in the SMC method is to reduce the error of the state trajectory to the switching surface using the switching surface feedback control. It is worthy to note that in the SMC method, the system trajectory is divided to two sections that are called reaching phase and sliding phase. Thus, the control input design is commonly performed in two steps, which named equivalent control law and switching are control law design. We want to use this strategy to present 2-D SMC design.
Two dimensional (2-D) sliding mode control
Consider the 2-D system in RM model as stated in (3). In this chapter it is assumed that the 2-D system (3) starts from the boundary conditions that are satisfied following condition 
where C h and C v are the proper constant matrices with proper dimensions.
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Definition 2: Consider the 2-D system (1) starts from (i, j) = (i 0 , j 0 ). The boundary conditions can be out of or on the switching surface. So, if the system state trajectory moves toward the switching surface (11), this case is called reaching phase (or mode). After this, if it intersects switching surface at (i, j) = (i 1 , j 1 ) and remains there for all (i, j) > (i 1 , j 1 ) then this is called sliding motion or sliding phase for 2-D systems in RM.
As it is mentioned previously, a common approach to design SMC method contains two steps. First step is determination of the proper switching surface and second step is to design a control action to reach the state trajectory the surface and after it move toward the origin.
Two dimensional switching surface design
In order to design the 2-D switching surface, we want to extend a well-known method in 1-D case to 2-D case that is equivalent control approach. The equivalent control approach is based on the fact that the system state equation should be stable when it stays on the surface. In this method two points have to be considered, one is to find condition that assures staying on the surface and other is related to the stability of the system when is laid on the surface. It can be shown that two problems can be solved by 2-D Lyapunov stability presented in the theorem 3. For this purpose, let us define following Lyapunov functions 22 00
According to theorem 3, the stability condition in the sense of reaching to the switching surface is occurred when the difference of two functions V 11 and V 00 is negative. Consequently, the condition that presents staying on the switching surface can be 11 00
Therefore, it can be concluded that
Let define following functions as 00 11
Thus, equality (17) can be written as 11 00
From the equations (18) () (,) ()
and it is assumed that (20) is called equivalent control law. Now, we should also guarantee the stability of the system when is laid on the surfaces. To perform this, it is sufficient that the following augmented system is stable. 
(, 1 ) (, ) 
Aforementioned state updating equations (22) represents the 2-D system in the case that it is laid on the surface. By replacing the equivalent control law (20) 
ith respect to the stability of the system (8), the switching surfaces can be designed.
Two dimensional control law design
After designing the proper horizontal and vertical switching surfaces, it has to be shown that the 2-D system in RM (3) with any boundary conditions, will move toward the surfaces and reach and also sliding on them toward the origin. This purpose can be interpreted as a regulating and/or tracking control strategies. To perform this purpose, consider that the control inputs are assigned as follows v s uij which are called switching control laws, has to be designed such that the control inputs ensure the reaching condition. In this method, it is shown that the duties of the switching control laws are to move the state trajectories toward the surfaces. Therefore, we will first determine the condition that guarantees the reaching phase. It is interesting to note that the reaching condition is also obtained in the sense of 2-D Lyapunov functions (6) and (7) 
Theorem 4: For the 2-D system in RM (3) if the switching control law is designed as 
where k h and k v are the positive constant numbers and also 
then the reaching condition (25) is satisfied.
Proof:
As it is mentioned, to ensure the reaching phase it is sufficient that the (25) This completes the proof.
Robust control design
In this section, assume that the 2-D system in RM (3) is not given exactly and we have
where A Δ and B Δ are denoted as the uncertainties in the system. Assume that
where p is an unknown constant number and there exists a known positive real number, α , such that
In this case we present following theorem. 
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And 12 00 0, 0 23
As discussed in previous section, the switching surfaces are designed as the system equation in ( 
The simulation results are shown in Figs. 2 -5. 
the augmented system (19) is stable such that 
So the control action that has been described in previous section is ( ) 
Conclusion
In this Chapter, an extension of 1-D SMC design to the 2-D system in Roesser model has been proposed. Using a 2-D Lyapunov function, we first designed a linear switching surface, and then a feedback control law that satisfies reaching condition was obtained. This method can also be applied to 2-D uncertain systems with matching uncertainty.
